Abstract Despite being the main sediment entrainment mechanism in aeolian transport, granular splash is still poorly understood. We provide a deeper insight into the dynamics of sand and snow ejection with a stochastic model derived from the energy and momentum conservation laws. Our analysis highlights that the ejection regime of uniform sand is inherently different from that of heterogeneous sand. Moreover, we show that cohesive snow presents a mixed ejection regime, statistically controlled either by energy or momentum conservation depending on the impact velocity. The proposed formulation can provide a solid base for granular splash simulations in saltation models, leading to more reliable assessments of aeolian transport on Earth and Mars.
Introduction
Saltation of sand-sized granular materials plays a key role in a wide range of environmental processes. Wind-driven sediment transport is responsible for dune and ripple development and erosion of geological features on Earth, Mars, Venus, and Titan [Iversen and White, 1982; Kok et al., 2012] . In alpine terrain, drifting and blowing snow exert strong control on the snow depth distribution [Mott et al., 2010] , with relevant implications for hydrology and avalanching [Lehning and Fierz, 2008] . Furthermore, aeolian processes affect the surface mass balance in Antarctica, transporting a significant amount of snow from the ice sheets to the ocean [Scarchilli et al., 2010] .
The behavior of granular materials set to motion by aerodynamic forces was the subject of the early work of Bagnold [1941] , which laid the basis for Owen's steady state saltation model [Owen, 1964] . Since then, the study of aeolian transport led to numerical models that embraced the full saltation process Haff , 1988, 1991; Willetts, 1991, 1993; Doorschot and Lehning, 2002] , generated experimental data sets against which these models were tested [Willetts and Rice, 1986; Shao and Raupach, 1992; Rice et al., 1995 Rice et al., , 1996 Guala et al., 2008] , and inspired theoretical advances that yet furthered the field [Kok and Renno, 2008; Diplas et al., 2008; Ho et al., 2011; Carneiro et al., 2011 Carneiro et al., , 2013 .
It has been long known that the granular splash problem lies at the heart of aeolian saltation physics. After being accelerated by the wind, saltating grains impact the bed at high speed and low angle. The bed at the site of impact consists of grains that may differ in diameter and that may be glued to one another to differing degrees, by sintering in the case of snow or by menisci of water in the case of sand. The impact energy and momentum are partially retained by the impactor, which typically rebounds from the bed at lower speed and higher angle. The remaining energy and momentum are consumed in the ejection of other grains, typically 1-10, and in the frictional rearrangement of several other grains near the impact site. Recent studies indicated that splash entrainment is more efficient than aerodynamic forces in lifting grains from the surface, both for sand [Walter et al., 2014] and snow [Paterna et al., 2016] . The control exerted by splash entrainment is even stronger on Mars, where the lower gravity and air density allow grains to follow higher and longer ballistic trajectories, yielding larger impact velocities and thus more ejections per impact [Parteli and Herrmann, 2007; Almeida et al., 2008; Kok, 2010] . This granular splash problem is highly stochastic, as it depends upon the size and velocity of the impacting grain, the size distribution in the granular bed, and the cohesion among grains near the impact site. One of the main challenges in the development of comprehensive aeolian saltation models is to arrive at a statistical representation of the splash process that accounts for all these relevant factors. Schematic representation of the impact-ejection dynamics. The impacting particle (blue dot) has mass m i and velocity v i . Upon impact, the particle can rebound (green dot) with velocity v r and eject other particles (red dot) of mass m n and velocity v n . The reference system is such that the vertical plane (x, z) contains the impact velocity vector ⃗ v i , which forms an angle i with the horizontal plane (x, y) . The rebound velocity vector ⃗ v r forms an angle r with the horizontal plane (x, y) , and an angle r with the vertical plane (x, z) . Similarly, the ejection velocity vector ⃗ v n forms an angle n with the horizontal plane (x, y) , and an angle n with the vertical plane (x, z).
Here we attempt such a representation starting from fundamental conservation laws. The proposed formulation allows us to predict the number of ejections upon impact of a grain with given size and velocity. The model accounts for size distribution and cohesion of surface grains, such that it can be adapted to study the ejection regime of a wide range of granular materials. We employ the model to address long-standing problems related to aeolian transport. In particular, while the momentum balance proves statistically more restrictive than the energy balance in terms of the number of ejections from a loose granular bed [Kok and Renno, 2009] , the opposite may be true for cohesive particles. Moreover, previous studies by Anderson and Bunas [1993] suggest that the multigrain size problem in splash entrainment lies at the heart of the reverse grading and migration of aeolian ripples. The ejection regimes of heterogeneous sand may in fact be inherently different from that of uniform sand due to the negative correlation between size and velocity of splashed grains. The proposed formulation can provide a solid base for simulations of splash entrainment in saltation models, ultimately leading to improved assessments of aeolian transport processes on Earth and Mars.
Ejection Model
Let us consider the impact of a single particle of mass m i and velocity v i with the granular bed. Upon impact, this particle has a probability P r ∈ [0; 1] of rebounding with velocity v r . Moreover, a certain number of particles may be ejected from the granular bed. We define the reference system (x, y, z) such that the vertical plane (x, z) contains the impact velocity vector ⃗ v i (see Figure 1) . Mass, velocity, and number of ejected particles are constrained by the energy and momentum conservation laws [Kok and Renno, 2009 ]. The energy balance equation reads
where N indicates the number of ejections; m n and v n are mass and velocity of the n th ejected particle; n is the cohesive bond exerted on the n th particle by its neighboring particles; and r is the fraction of impact energy retained by the rebounding particle, while f is the fraction of impact energy lost to the bed.
Because the impact angle i is generally small, approximately 10 ∘ [Bagnold, 1941] , most of the impact momentum is directed along x. The momentum balance equation in this direction reads
where n and n are the vertical and horizontal ejection angles of each splashed particle; and r is the fraction of impact momentum retained by the rebounding particle in the x direction, while f is the fraction of impact momentum lost to the bed. Cohesive forces do not appear in equation (2), as the sum of pairwise equal particle interactions acting in opposite directions always conserves momentum. By dividing both sides of equations (1) and (2) by N, we obtain
where we have assumed a mean value of cohesion for all ejecta. The ejection problem is highly underdetermined, presenting just two equations and 2N+1 unknowns, namely, N values of mass, N values of velocity, and the number of ejections N. Nevertheless, we may seek a solution by approximating the arithmetic means in equations (3) and (4) with the corresponding ensemble means ⟨mv 2 ⟩ and ⟨mv cos cos ⟩, which are equivalent to the arithmetic means in the limit N → ∞. This approximation, in fact, allows us to exploit our knowledge of the probability distributions of ejecta's mass and velocity to solve the ejection problem. We therefore write
N E and N M are the number of ejections predicted by the energy and momentum balance, respectively. Because the approximated energy and momentum balances (equations (5) and (6)) generally yield two different solu-
, so that neither energy nor momentum are created [Kok and Renno, 2009; McElwaine et al., 2004] .
We further manipulate the mean values in equations (5) and (6) to account for the negative correlation between ejecta's size and velocity; that is,
⟨mv cos cos
where m , v , and v 2 are the standard deviations of m, v, and v 2 , respectively; r E is the correlation coefficient between m and v 2 , and r M is the correlation coefficient between m and v. The physical interpretation of these correlations is that heavier particles are likely to be ejected with smaller velocities due to their larger inertia. The effect of such negative correlations is to reduce the mean values in equations (5) and (6) and thus increase the total number of ejections necessary to close the energy and momentum balances.
Further manipulation can be carried out by considering well-established probability distributions for m and v. For granular beds, the particle sizes normally follow a lognormal distribution [Kolmogorov, 1941; Colbeck, 1986; Barndorff-Nielsen, 1986] . Moreover, the ejection velocity is usually well described by an exponential distribution Haff , 1988, 1991; Mitha et al., 1986; Beladjine et al., 2007] . Denoting with ⟨d⟩ and d the mean and standard deviation of the ejecta's diameter, we obtain
where d i is the impacting grain's diameter (we provide additional details on the derivation of equations (9) and (10) in section 1 in the supporting information). Equations (9) and (10) allow us to estimate the number of ejections upon impact of a grain of size d i at velocity v i . The novelty of the proposed approach stems from the possibility of accounting for the full spectrum of particle sizes, cohesion, and the negative correlation between ejection size and velocity, which has been observed experimentally and is likely to occur in natural saltation. a Estimates of the correlation coefficients are only available for sand (values r E = r M = 0 are assumed for snow). b Estimates of cohesion apply only to snow (a value = 0 J is used for loose sand). Equations (S11) and (S12) are given in the supporting information. NA means not applicable.
We can thus employ equations (9) and (10) to simulate the ejection process of a wide range of granular materials, both loose and cohesive. In particular, we apply our model to investigate the ejection regime of sand and snow, relying on the extensive literature data to assign well-established values to the model parameters.
The model formulation depends on a series of parameters, which we assign based on literature data. We summarize in Table 1 the model parameters, their range of variation estimated from published literature, and the value assumed in our simulations. In section 2 of the supporting information we provide additional details on the model parameters and the mathematical formulations of P r and ⟨v⟩, which are commonly expressed as functions of the impact velocity v i [Anderson and Haff , 1988; Kok et al., 2012] . Furthermore, in section 3 of the supporting information, we show that the model is robust to variations of ±20% in the model parameters.
Sand Ejection
We first investigate the ejection regime of uniform sand, assigning d i = ⟨d⟩ = 1 mm, d = 0 mm, and = 0 J to be consistent with the experimental conditions of previous studies [Werner, 1987; Anderson and Haff , 1988] . It is worth noting that d = 0 in equations (9) and (10) implies that the correlation coefficients r E and r M do not play a role. We study the mean ejection regime with the Monte Carlo method, to account for the variability [Werner, 1987] . Black circles refer to numerical simulations of uniform sand of size 1 mm [Anderson and Haff , 1988] . Vertical bars indicate standard deviations. The dashed black line is the ejection function of the COMSALT model [Kok and Renno, 2009] . (b) Predicted number of ejections for heterogeneous sand with ⟨d⟩ = 250 μm, d = 50 μm, including (solid magenta line) and neglecting (dashed magenta line) the negative correlation between ejecta's mass and velocity. The black markers refer to wind tunnel studies carried out with a mixture of fine (150-250 μm), medium (250-355 μm), and coarse (355-600 μm) sand fractions [Willetts and Rice, 1985; Rice et al., 1996 Rice et al., , 1995 . Vertical bars indicate standard deviations. Results of the COMSALT model (dashed black line) are shown as reference simulation of uniform sand ejection. Experiments [Oger et al., 2005; Beladjine et al., 2007; Ammi et al., 2009; Mitha et al., 1986] and models [Crassous et al., 2007] from sediments other than sand are omitted because different sphericity, elasticity, and friction coefficients are likely to produce different ejection regimes.
in impact velocity and impact direction. Specifically, for increasing values of impact velocity v i , we carry out stochastic sampling of the impact angle i , calculating the number of ejecta with equations (9) and (10) (see section 4 in the supporting information for additional details on the Monte Carlo procedure). We then average the values of N E and N M resulting from each simulation to provide the mean ejection numbers ⟨N E ⟩ and ⟨N M ⟩. Figure 2 shows the trends of ⟨N E ⟩ and ⟨N M ⟩ in the range of impact velocity typical of natural saltation. The results indicate that the momentum balance is statistically more restrictive than the energy balance in terms of mean number of ejections. Momentum balance is therefore what is expected to control the number of ejections in uniform sand saltation, as was observed in a previous analysis [Kok and Renno, 2009] . Moreover, the momentum-conserving solution shows a linear increase of ⟨N⟩ with impact velocity, which is consistent with several previous studies [Werner, 1990; McEwan and Willetts, 1991] . The shaded areas in Figure 2 correspond to the mean error introduced by solving equations (5) and (6) in place of equations (3) and (4), which we solve by sequential sampling of ejected particles until we reach the balances of energy and momentum. In principle, the error introduced when replacing arithmetic means with ensemble means is larger for small values of N, i.e., when the impact velocity is small. Under the same circumstances, however, both the ensemble and the arithmetic means are close to zero due to the small ejection velocity, thus balancing the mean error across the whole range of N. Figure 3a shows the momentum-and energy-conserving solution ⟨N⟩ = min
for uniform sand (magenta line), which proves consistent with previous experimental and numerical data [Werner, 1987; Anderson and Haff , 1988] (black markers) as well as with state-of-the-art parameterizations for sand ejections (black line) [Kok and Renno, 2009] . Figure 4a . Black triangles refer to wind tunnel studies on ejection of both fresh and compact snow [Sugiura and Maeno, 2000] . Black circles refer to ejection experiments carried out with densely packed ice particles and for impact angles between 5 ∘ and 15 ∘ , typical of saltation [Kosugi et al., 1995] . Vertical bars indicate standard deviations. The dashed black line refers to the empirical ejection function obtained by fitting a power law to the compact snow data [Sugiura and Maeno, 2000] .
We further apply the model to simulate the ejection regime of heterogeneous sand. To our knowledge, among all experimental investigations carried out with heterogeneous sand, only Rice et al. [1995] successfully measured the ejection velocity of grains of different size, highlighting the existence of negative correlations. Accounting for all the experimental tests reported in Rice et al. [1995] , we estimate overall correlation coefficients r E ≈ −0.3 and r M ≈ −0.4. To reproduce the experimental conditions, we assign ⟨d⟩ = 250 μm and d = 50 μm. The granular splash resulting from a heterogeneous bed differs greatly depending upon the size of the impactor. To handle both the role of the sorting at the site of the impact and the size of the impactor, we carry out a series of Monte Carlo simulations similar to those performed for uniform sand, but with the additional random sampling of the impact diameter. In particular, we sample d i from the lognormal distribution of ejected grains, truncated within 70 and 500 μm, accounting for the fact that smaller grains are mostly in suspension and larger ones in reptation [Shao, 2008] . Figure 3b shows that the mean number of ejections obtained with r E = −0.3 and r M = −0.4 (solid magenta line) deviates significantly from that obtained with r E = r M = 0.0 (dashed magenta line), leading to a more accurate prediction of the experimental data for heterogeneous sand. Existing ejection models [Kok and Renno, 2009] (dashed black line) that do not account for such negative correlations fail to capture the larger ejection numbers measured for heterogeneous sand.
Snow Ejection
We consider typical snow properties by assigning ⟨d⟩ = 200 μm and d = 100 μm. Because the correlation between mass and velocity of ejected snow has never been experimentally quantified, we focus the analysis only on the effect of cohesion and assign r E = r M = 0 for simplicity. Previous energy-conserving models of snow ejection [Gauer, 2001; Groot Zwaaftink et al., 2014] suggest that may span the range 10 −10 -10 −8 J, depending on sintering among ice grains. We carry out Monte Carlo simulations following the same random sampling procedure adopted for the heterogeneous sand case. Figure 4a shows the variation of ⟨N E ⟩ for three different values of cohesion. For = 10 −10 J, there is a threshold value of impact velocity dividing a lower range in which the ejection regime is limited by the energy balance from an upper range in which the momentum balance is the main control. For = 10 −9 J the threshold impact velocity increases significantly and for strongly sintered snow, with = 10 −8 J, the energy balance limits the number of ejections across the whole range of impact velocity. These results confirm and extend previous observations [Dietrich, 1977] suggesting that the impact energy exerts a major control on ejection of cohesive materials. As suggested by equations (9) and (10), cohesion acts as a sink of impact energy but not of impact momentum, such that energy conservation becomes the principal constraint to granular splash of highly cohesive materials. Figure 4b shows the predicted number of ejections ⟨N⟩ = min
for the three tested values of together with experimental data on snow [Sugiura and Maeno, 2000] and ice particle ejection [Kosugi et al., 1995] . The snow ejection measurements, carried out with both fresh and compact snow cover, lie close to the curve corresponding to = 10 −10 J, while the data points obtained for densely packed ice particles lie close to the curve corresponding to = 10 −8 J. The empirical ejection function obtained by fitting a power law to the compact snow data (dashed black line) [Sugiura and Maeno, 2000] , commonly adopted in snow transport models, significantly deviates from the momentum-conserving solution for large values of impact velocities.
Conclusions
In aeolian saltation, wind-blown grains follow ballistic trajectories close to the surface and frequently impact the granular bed to generate what is called the granular splash. Surface grains may be loose, as in the case of dry sand, or bound to one another, by sintering in the case of snow or by water menisci in the case of wet sand. The impacting grain typically rebounds from the bed, retaining part of the impact energy and momentum. The remaining energy and momentum drive the frictional rearrangement of several grains near the impact site and the ejection of other grains, which is the most efficient entrainment mechanism in aeolian transport on Earth and Mars. Our proposed ejection model provides a deeper insight into sediment transport. Our results confirm that momentum balance is the main control on loose sand ejection and that the number of ejecta per impact scales linearly with the impact velocity (Figure 2 ). We also show that the relatively larger ejection rate observed in experiments carried out with heterogeneous sand is successfully explained by our theory that includes a negative correlation between size and velocity of ejected grains (Figure 3) . The correlation coefficients estimated from experimental results by Rice et al. [1995] yield a good match between modeled and measured number of ejections. This suggests that the ejection regime of heterogeneous sand is inherently different from that of uniform sand, for which the correlations do not play a role because d = 0 (see equations (9) and (10)). In fact, when negative correlation coefficients are considered, the predicted number of ejection is almost twice as large as that obtained for uniform sand. Such a larger ejection efficiency is likely to influence the self-balanced transfer of momentum among fluid and saltating particles, leading to a larger separation between the wind speed required for aerodynamic entrainment and that required for continuation of transport.
Our model simulations of snow ejection highlight that cohesion produces a mixed ejection regime, statistically controlled by energy conservation below a threshold impact velocity and by momentum conservation above it (Figure 4) . We observe that the threshold impact velocity increases with increasing cohesion. Our model suggests that the reason for such behavior lies in the effect of cohesion, as the breaking of bonds in the substrate dissipates impact energy but does not affect momentum conservation. However, the general, yet not well supported, opinion that energy conservation is the sole control on snow ejection may be a misconception, as there exists a large range of cohesion values for which momentum conservation controls ejection at high impact velocity.
Saltation models commonly track the trajectories of wind-blown particles, explicitly solving for their size d i and velocity v i upon impact with the granular bed [Nemoto and Nishimura, 2004; Vinkovic et al., 2006; Kok and Renno, 2009; Dupont et al., 2013; Groot Zwaaftink et al., 2014] . Accordingly, these models may directly benefit from the proposed splash function, ultimately leading to improved simulations of larger-scale processes such as saltation intermittency and both ripple and dune development. Our results also point toward future needs in terms of experimental work for more precise quantifications of the model parameters, in particular, concerning the dependence of snow cohesive properties on temperature and relative humidity.
